Abstract. The possibility to control short-ranged interactions of cold gases in optical traps by Feshbachresonances makes these systems ideal candidates to study universal scaling properties and Efimov physics. The spectrum of particles in a trap, idealised by a harmonic oscillator potential, in the zero range limit with 2-and 3-particle contact interactions is studied numerically. The Hamiltonian is regularised by restricting the oscillator basis and the coupling constants are tuned such that the ground state energies of the 2-and 3-particle sector are reproduced [1], [2] . Results for 2-, 3-, and 4 particle systems are presented and compared to exact results [3] , [4] .
Introduction
Cold atomic gases loaded in optical traps offer the possibility to investigate systems with strong interactions in a controlled manner. In the vicinity of Feshbach resonances, the scattering length can be tuned by an external magnetic field through a wide range [5] . For sufficiently large scattering length long-ranged properties, in particular the energy spectrum, are independent of the precise structure of the short-ranged potential. Sufficient means that the scattering length is the dominant part of the effective range expansion and the expansion can be truncated after the first term [6] . This situation coincides with the zero-range limit.
The three-body sector in free space is studied in [6] . In a non-relativistic effective field theory framework, one finds for three identical bosons an infinite sequence of 3-atom bound states called Efimov states. These are geometrically distributed in the unitary limit.
The trap is idealised by a harmonic oscillator potential. In the zero range limit, the two-body sector is solved exactly by Busch [3] . The three-body sector is studied by Werner and Castin in the unitary limit [4] . We present a numerical procedure to study the three body sector also in the vicinity of the unitary limit. Furthermore, a possible extension to four particles is shown.
Numerical Procedure
For A particles with equal masses the energy spectrum is determined by the Hamiltonian
where ω is the trapping frequency and V i j and W i jk are 2-and 3-particle contact interactions between particles i, j and k.
In relative-(Jacobi)-coordinates
where β = mω is the oscillator length, the Hamiltonian for the two body sector reads
Two-Body Sector
Since the interaction is independent of the centre of mass R, the dynamics of the centre of mass separates. In order to solve the Schrödinger equation numerically, the Hilbert space is restricted by a cutoff parameter N [1] , [2] . The considered subspace is the linear span of oscillator functions φ nlm (s 1 ) with 2n + l ≤ N .
In this finite-dimensional subspace each matrix element
EPJ Web of Conferences is calculated. Since φ nml (0) = nml|0 = 0 for l 0, the 2-particle contact interaction contributes for s-waves only,
with f n = (2n+1)!! n!2 n . The time-independent Schrödinger equation thus becomes a finite-dimensional eigenvalue problem, which can be solved numerically.
Subsequently, the coupling constant is renormalised in the finite model space by the requirement that the ground state energy in the model space and in the full Hilbert space are identical. The separation of the interaction allows one to find the following relation between the ground state energy E 0 = ǫ (2) ω, the cutoff parameter N and the coupling constant v:
For ǫ (2) = −20, Figure 1 shows the result for cutoff parameters N ≤ 800. For the same ǫ (2) and N the eigenvalue for the angular momentum l = 0 . The exact spectrum derived by Busch [3] is added at the position κ = 0.
Finally, the exact spectrum is numerically reproduced by extrapolating the results in the model spaces. We choose for the extrapolation function the ansatz Figure 2 shows that the exact spectrum can indeed numerically be determined in this manner. 
Three-Body Sector
The Hamiltonian in the three body sector H (3) cont consists of three 2-particle contact interactions V i (i = 1, 2, 3) and one 3-particle contact interaction V (3) cont . The procedure for solving the Schrödinger equation is analogous to the one used in the 2-body sector.
Firstly, a finite model space is constructed with a cutoff parameter N. The model space is the linear hull of the tensor products φ n 1 l 1 m 1 (s 1 ) ⊗ φ n 2 l 2 m 2 (s 2 ) with the restriction 2 (n 1 + n 2 
Secondly, all elements of the Hamilton matrix are calculated. In the three sets of Jacobi-coordinates,
the contributions of the potentials can readily be computed. Except for l (i)
s 2 , all contributions of V i vanish and thus
Furthermore, the non-vanishing matrix elements of V
cont n ′(i)
with l (i)
The remaining problem is to calculate the Hamilton matrix in one set of coordinates.
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Talmi-Moshinsky-Transformation (TMT)
The TMT provides a solution to this problem [7] . Under the Talmi-Transformation from the set of coordinates (ρ, λ) to the set (ρ
the transformation of the coupled oscillator functions depending on the first set to the ones depending on the second set is finite:
Under this transformation the total energy, the total angular momentum and the parity are conserved. Sets of Jacobi coordinates can be transformed by Talmi transformations into each other and the Hamilton matrix can be calculated in one set of Jacobi coordinates. The three coupling constants v
i , i = 1, 2, 3, of the 2-particle interactions are renormalised by matching to three given ground state energies of the two body sector with relation (8) . In order to determine the renormalisation of the 3-body coupling v (3) , we use the separability of V
cont . In the model space, the eigenvalue problem without this 3-particle interaction is solved. With the eigenvector
(14) corresponding to the energy eigenvalue D(k), the following dependence between N and v (3) results:
In the model space with a given cutoff parameter N, the finite eigenvalue problem corresponding to the full Hamiltonian can then be solved.
Unitary limit
For the present we are interested in the unitary limit. The corresponding ground state energy for the 2-particle sector is ǫ (2) = 1 2 [3] . Because the three coupling constants v
i are identical, the Hamiltonian is invariant under permutation of particles. It follows that the Hamilton matrix is block diagonal in different symmetries of wave functions. [4] are given at κ = 0 and the spectrum is extrapolated to N → ∞ with the same ansatz as in the two body sector. A comparison to the exact results proves the extrapolation to be reliable. 
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The exact spectrum of Efimov states is fixed by energy of one 3-body state. It does not matter which state in a spectrum is chosen. The extrapolated spectra should have this property, too. In Figure 4 the exact spectrum and the extrapolated spectra of Efimov states for various energies ǫ (3) are shown. For small ǫ (3) , the spectra coincide. For ǫ (3) ≈ −632, which is the next state below ǫ (3) = −1, the extrapolated spectrum deviates from the exact result.
Finite Scattering Lengths
Beginning with the relation between the ground state energy ǫ (2) and the scattering length a 0 in the 2 particle sector found by Busch [3] , the spectra for 3 identical bosons with finite scattering length can be determined. Figure 5 shows this relation and the scattering lengths considered are flagged by arrows. According to the procedure described above the energy spectrum is determined for this four scattering lengths by restricting the Hilbert space, renormalising the coupling constants, solving the eigenvalue problem and extrapolating to N → ∞. ǫ (3) is fixed at −1. As shown in Figure 6 , the results for the large scattering lengths ±80 β coincide almost with those in the unitary limit. For the small positive scattering length, the spectrum is shifted downwards and for the small negative scattering length, it is shifted in the opposite direction. In the future, the dependence should be studied in more detail.
Four-body sector
The numerical method is extendable to four particles. Consider two identical fermions with two other particles. The wave function is antisymmetric under permutation of identical fermions. Therefore, there is no four particle contact interaction and no contact interaction between two fermions exists. Altogether, there are five 2-particle contact interactions and two 3-particle contact interactions. Keep in mind that the contributions of some interactions are pairwise identical because two of the particles are identical.
The model space is the linear span of the tensor product of one particle wave functions depending on Jacobicoordinates, s 1 , s 2 , s 3 , for four particles with N ≥ 2(n 1 + n 2 +n 3 )+l 1 +l 2 +l 3 . Again, the Hamilton matrix is searched on this model space. In order to determine all contributions of the interactions in one set of Jacobi-coordinates, the TMT is used again. The transformation is defined for coupled wave functions. Since the coupling is not associative, one additionally needs 6j-symbols for the recoupling of the wavefunction [8] . Analogous to the three-body sector, the four coupling constants of the 2-particle interactions are renormalised by equation (8) and the two coupling constants of the 3-particle interactions by equation (15) for given ground state energies ǫ (2) and ǫ (3) . The finite eigenvalue problem is solved and an approximation for the energy spectrum in the full Hilbert space is determined by the extrapolation to κ = instead of the symmetric polynomial of order six as in the three body sector. In Figure 7 , the extrapolated spectrum is shown for various ground state energies ǫ (3) in the unitary limit. The total angular momentum L is zero and the parity is positive. There are two different types of states: states dependent on ǫ (3) (dots) and states independent of ǫ (3) (crosses). The former depend linearly on ǫ 
Outlook
In the future the three particle sector with finite scattering lengths should be studied in more detail. In particular, the 02004-p.4 . Extrapolated spectra for Efimov (dots) and Non-Efimov states (crosses) for various ǫ (2) dependence of the energy spectrum on the scattering length should be investigated. Furthermore, we want to look at systems with mixed symmetries. Its possible to make predictions for physical systems, e.g., a gas of three 6 Li atoms loaded in an optical lattice. These atoms are fermion-like and if they are in two different hyperfine states, the wave function is mixed antisymmetric.
In principal, the numerical procedure can be extended to compute the spectrum for four and more identical bosons. The difficulty lies in the construction of the wave functions in the different sets of Jacobi-coordinates with the correct symmetry. Here, the TMT and the recoupling are used again. Moreover, the number of states for a given cutoff parameter heavily increases with the number of particles. Thus, the computation of the spectrum becomes more expansive so that only spectra for small cutoff parameters can be determined.
Up to now, only the limit of a deep trapping potential at each lattice site is considered. In order to describe an experimental scenario with shallower potentials at each site, additional effects must be considered. These include tunneling of atoms between different sites and interactions between atoms at different sites.
